The variational perturbation theory for wave functions, which has been shown to work well for bound states of the anharmonic oscillator, is applied to resonance states of the anharmonic oscillator with negative coupling constant. We obtain correct asymptotic oscillatory behavior of the wave function starting from the bound states.
Perturbation for wave functions of quantum systems is more complicated problem than that for energy eigenvalues since the former deals with functions while the latter only deals with a number. Even for energy eigenvalues, however, naive perturbations by a coupling constant give rise to divergent series in most cases and numerous optimization techniques have been studied [1] . Variational perturbation method, sometimes called the δ expansion, is one of the successful approaches. It has been found to reproduce energy eigenvalues of quantum anharmonic oscillator (AHO) and double-well potential (DWP) with high accuracy [2] . Characteristic of this method is that one introduces artificial parameters which are not contained in an original Hamiltonian and determines those parameters after calculating a physical quantity perturbatively. One of the advantage of the method is such flexibility that one can choose different value of the parameter depending on the physical quantity one is interested in. One can also choose different value depending on the order of the perturbation one employs. In our previous work, we showed that this advantage could be suitably taken to apply the method to wave functions and obtained uniformly accurate wave functions of AHO and DWP [3] .
Recently, it has been shown that a variational perturbation approach can be also adapted to treat systems which accompany quantum tunneling decay processes [4] . In these systems, energy eigenvalues have imaginary parts and naive perturbations fail in general. In this article, motivated by these studies, we attempt to apply our method in [3] to wave functions of a tunneling system. As a simple model, we take anharmonic oscillator with negative coupling constant (NAHO).
We first recall one dimensional AHO to illustrate the variational perturbation treatment for wave functions. The Hamiltonian is
One defines a new Hamiltonian H δ (Ω, λ) = H 0 (Ω) + δH I (Ω, λ) with
such that H δ=0 (Ω, λ) = H 0 (Ω) and H δ=1 (Ω, λ) = H(λ). At first, one employs RayleighSchrödinger (RS) perturbation with δ as an expansion parameter. Bases of the expansion are the eigenvectors of H 0 (Ω) which is harmonic oscillator (HO) with a trial frequency Ω.
The n-th order perturbative wave functions thus obtained have the following form
Next step is to choose the parameter Ω so as to make approximate functions uniformly valid.
This can be achieved [3] by
This condition can be solved for Ω, in principle, as a function of x (and λ). By substituting the resultant Ω(x) to (3), we get optimized wave functions ψ (n) (x; Ω(x)).
We can interpret the condition (4) in two different ways. First interpretation is a geometrical one. If we regard the obtained functions ψ (n) (x; Ω) as a family of curves parametrized
by Ω, Eq. (4) is nothing but the necessary condition for ψ (n) (x; Ω(x)) to be an envelope of the family [3] . The other interpretation is the principle of minimum sensitivity (PMS) [5] ;
perturbatively calculated quantity should not depend on the artificial parameter Ω at δ = 1 since the exact one does not depend on Ω at all.
For the ground state wave function, first order variational perturbation results in
The condition (4) applied to (5) reads
Since this is a higher degree algebraic equation for Ω, one cannot solve it analytically in general. However asymptotic behavior of the physical solution at long distance can be estimated by Eq.(6) and found to be
Therefore, the perturbative wave function improved by the condition (4) has its asymptotic form
The result obtained above has correct x dependence and only the numerical factor 8 deviates a bit from the exact value 9. A noticeable success of the method in this case can be appreciated by this correct asymptotic behavior. One can never obtain such a behavior by naive RS perturbation since perturbative wave functions obtained by RS at any finite order result in finite superposition of the wave functions of HO.
In the case of λ > 0 the physical solutions of Eq.(6) are to be restricted to real number but this is not the case for λ < 0. The situation is observed by the asymptotic solutions (7);
by Eq. (7) with λ < 0 we have
that is, pure imaginary at infinity. Substituted them into Eq.(5) reads
This oscillatory behavior is of course correct one for NAHO except for the numerical coefficient.
From this consideration above, we may expect to get resonance states of NAHO perturbatively from the bound-state wave functions of HO if we make a novel generalization of our method to allow the trial frequency Ω to take complex values. In fact, for the ground state energy of NAHO, it was shown by Karrlein and Kleinert [4] that the imaginary part of the energy can be extracted precisely by this complex-valued optimization procedure for energy eigenvalues.
In Fig.1 we show as an example the ground state wave functions obtained in this way for λ = −0.2. There are two wave functions which are complex conjugate each other. Thus, there appear two thick dashed lines in Fig.1 which correspond to the imaginary parts of these two wave functions. The real part contributes high probability density in the vicinity of the potential valley and decreases as the potential barrier becomes high. Outside the barrier, both the real part and imaginary part oscillate as Eq. (10) indicates. Therefore, we successfully get qualitative behavior of the resonant wave functions of NAHO even at the first order perturbation.
When we try to compare the perturbatively obtained results with the exact ones, we encounter two difficulties. Firstly, it is difficult to compute numerically an eigenstate which oscillates rapidly at boundaries. Secondly, the wave functions under consideration are not normalizable and therefore it becomes meaningless to compare numerical values of the wave functions at each point. To avoid these problems, we invoke the complex-coordinate method (CCM) [7] . This tool is often used for computing complex eigenvalues for resonance states numerically. The essence of CCM is as follows. The ordinary Schrödinger equations in configuration spaceĤ
are defined on the real x axis. Then, one rotates this support of ψ(x) in complex x plane as x → xe iθ . One determines the argument of the rotation θ such that the rotated wave functions ψ(xe iθ ) =Û (θ)ψ(x) tend to 0 at infinity, that is,
whereÛ (θ) denotes the rotation operator in complex x plane. Thanks to (13), numerical calculation turns out to be easier and the rotated wave functions become normalizable.
In order that the wave functions of quartic AHO satisfy the boundary condition (13), the following inequality must holds [6] (arg ±x)
We fix the argument at θ = −π/6 for our calculations. The normalized ground-state wave function in CCM for λ = −0.2 calculated numerically is shown in Fig.2 .
Finally, we combine perturbation theory with CCM. The procedure is that we rotates Eq.(3) in the complex x plane by the same argument as that for the exact one Eq. (12) (θ = −π/6 in our case).
The optimization condition Eq. (4) 
In Fig.3 , we show the 1st-order ground-state wave function for NAHO with λ = −0.2 and θ = −π/6, obtained by Eq. (17) 2 . The comparison of it to the exact one in Fig.2 shows that the perturbative wave function is less suppressed in the potential barrier region and both the real and imaginary parts are pushed off outside. To make more quantitative comparison, (squared) norm defined by
1 This condition corresponds to the boundary condition for the ordinary wave function defined on the real x axis that only out-going wave exists at infinity.
2 After we calculate the optimized wave function Eq.(17), we make a (global) phase transformation so that the phase of the optimized wave function becomes the same as that of the exact wave function at the origin.
and the expectation value of the (rotated) Hamiltonian are represented in Table. I.
Some remarks are in order here.
1. For λ < −0.1 the physical solutions of Eq. (6) 3. In view of both perturbation theory and physical problem, Zeeman and Stark effects are interesting problems. These systems accompany quantum tunneling and thus the method presented in this paper will be applicable.
In summary, we have generalized the variational perturbation method for wave functions of bound states to treat those of resonant states and applied it for NAHO. We may say the method employed here is successful in the sense that we can obtain qualitative nature of resonance states such as oscillatory asymptotic behavior and reproduction of complex energy, only by a 1st-order perturbation based on the bound states of HO. Quantitatively the result is still unsatisfactory at least up to the order of the perturbation we have employed.
Therefore, pursuit of more sophisticated improvement of our methods remains as a future problem. 
